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ABSTRACT
We study an M theory universe in the Loop Quantum Cosmol-
ogy – inspired models which involve a function, the choice of
which leads to a variety of evolutions. The M theory universe is
dominated by four stacks of intersecting brane–antibranes and,
in general relativity, it becomes effectively four dimensional in
future while its seven dimensional internal space reaches a con-
stant size. We analyse the conditions required for non singular
evolutions and obtain explicit solutions in the simplified case of a
bi–anisotropic universe and a piece–wise linear function for which
the evolutions are non singular. One may now ask whether the
physics in the Planckian regime can enhance the internal volume
to phenomenologically interesting values. In the simplified case
considered here, there is no non trivial enhancement. We make
some comments on it.
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1. Introduction
The (9 + 1) dimensional superstring theory, equivalently the (10 + 1)
dimensional M theory, is considered to be a quantum theory of gravity. Any
candidate for a quantum theory of gravity may be expected to provide, among
other things, a detailed description of black hole physics and also of the
beginning of the universe. For example, such a theory should explain black
hole entropy and Hawking radiation, and should resolve the black hole and
the big bang singularities which occur in general relativity descriptions.
String/M theory has provided detailed descriptions of black hole entropies
and Hawking radiations for certain classes of extremal and near extremal
black holes. The black holes are described by appropriate stacks of intersect-
ing brane–antibranes, their entropies arise from the degrees of freedom living
on these branes, and the Hawking radiation arise from interactions between
these degrees of freedom. See, for example, [1] – [7]. As for the black hole or
the big bang singularities, there are no similarly detailed string/M theoretic
descriptions although there have been a variety of ideas. See [8] – [23] for a
sample of them.
The (3+1) dimensional Loop quantum gravity (LQG) based on Ashtekar
variables is considered to be another candidate for a quantum theory of
gravity [24] – [30]. The areas and volumes are quantised in LQG and the
black hole entropies are described in terms of the quanta of area [31] – [35].
Quantising the homogeneous sector of LQG leads to Loop quantum cosmol-
ogy (LQC) and it provides a resolution of big bang singularity : instead of
ending in a big bang singularity, the universe undergoes a bounce when its
density is Planckian. As one goes back in time, a large universe contracts
as in general relativity, then reaches a minimum size where its density is
Planckian, bounces back from this minimum, and starts expanding again as
in general relativity as one goes further into its past [36] – [44].
The quantum evolution of a (3 + 1) dimensional universe in LQC can
be described well by effective equations which reduce to general relativity
equations in the classical limit [44]. Recently, we have constructed LQC –
inspired models by empirically generalising these effective equations to (d+1)
dimensions and studied several aspects of these models [45, 46, 47]. These
models are characterised by two functions but we will fix one of them by
working in what is referred to as µ¯−scheme. The remaining function can
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be chosen so as to lead to general relativity, or to LQC, or to a variety of
evolutions, singular as well as non singular. For example, one can model a
bouncing universe or an universe which enters and stays in the ‘Hagedorn
phase’ where the density and temperatures are constant [46].
In string or M theory universes, the spacetime is ten or eleven dimen-
sional. They all have big bang singularities when evolved using general rel-
ativity equations. These singularities may now be resolved in the LQC –
inspired models. The string/M theory universes may then have a bounce
instead of a big bang singularity, or a variety of more general non singular
evolutions.
In this paper, we study the evolution of a (10 + 1) dimensional M theory
universe in the LQC – inspired models. We consider the universe studied
in [18] – [23] which, for entropic reasons, is dominated by four stacks of
intersecting brane–antibranes. In general relativity, due to the U–duality
relations among the densities and the pressures, this universe becomes ef-
fectively (3 + 1) dimensional in future while the seven dimensional internal
space reaches a constant size [21, 22, 23].
In the present study, we first analyse qualitatively the conditions required
for non singular evolution in the LQC – inspired models. Then we simplify
our set up in order to obtain explicit solutions : Instead of considering a
general anisotropic universe, we consider a bi–anisotropic universe where the
space is d = (n˜ + n) dimensional and where the quantities corresponding
to the n˜ and the n dimensional spaces are seperately isotropic; and, con-
sider a simplified, piece–wise linear function for which the evolutions are non
singular.
We obtain explicit solutions for a bi–anisotropic universe and then con-
sider the M theory universe for which the evolution is non singular, and
which becomes effectively (3 + 1) dimensional in future while its internal
space reaches a constant size. One may now ask whether the physics in the
non singular Planckian regime can enhance the future constant size of the
internal space. Such a large internal space, obtained with no fine tuning,
may be useful in phenomenological model building, see for example [48, 49].
Answering this question using the explicit solutions obtained in this paper,
we find no non trivial enhancement of the internal size.
Although this answer may be disappointing and is perhaps not unex-
pected, we like to emphasise that it is now possible to ask such a question
and to seek its answer for an M theory universe in the LQC – inspired mod-
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els. This is because the question itself is meaningful, and its answers may
then be sought, only if a higher dimensional universe evolves non singularly
in the Planckian regime, and only if it dimensionally compactifies in future.
However, more analysis is needed to determine whether or not a large volume
compactification is possible in the LQC – inspired models but this is beyond
the scope of the present paper.
The LQC – inspired models are constructed empirically and, hence, are
limited in scope. Nevertheless, they have several uses as toy models. In this
paper, we also provide a critical discussion of the limitations and the possible
uses of these models.
This paper is organised as follows. In section 2, we present the equations
of motion in general relativity and in the LQC – inspired models. In section 3,
we present the density and the pressures for the most entropic constituents
of an M theory universe, incorporating U–duality relations. In section 4,
we analyse qualitatively the general evolution and make some simplifying
assumptions. In section 5, we obtain explicit solutions. In section 6, using
these solutions, we analyse the size of the internal space. In section 7, we
discuss critically the limitations and the uses of LQC – inspired models. In
section 8, we summarise the paper and conclude by mentioning a few topics
for further studies. In Appendix A, we present the anisotropic solutions
to general relativity equations. In Appendix B, we present the isotropic
solutions to the equations in the LQC – inspired models. In Appendix C, we
present solutions for a case left out in section 5.
2. LQC – inspired models : Equations of motion
In this section, we write down the equations of motion first in general rel-
ativity and then in the Loop Quantum Cosmology (LQC) – inspired models.
Let the space be d dimensional and toroidal with d ≥ 3 and with coordinates
xi, i = 1, 2, · · · , d . Consider a homogeneous and anisotropic universe whose
(d+ 1) dimensional line element ds is given by
ds2 = − dt2 +
∑
i
e2λ
i
(dxi)2 (1)
where the scale factors eλ
i
are functions of t only. Here and in the following,
we will explicitly write the indices to be summed over. The general relativity
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equations are given, in the standard notation with κ2 = 8piGd+1 , by
RAB −
1
2
gAB R = κ
2 TAB ,
∑
A
∇ATAB = 0 (2)
where A,B = (0, i) and TAB is the energy momentum tensor. Let TAB be
diagonal and be given by TAB = diag (ρ, pi) where ρ is the density and
pi is the pressure in the i
th direction. Then, after a straightforward algebra,
equations (2) give ∑
ij
Gij λ
i
t λ
j
t = 2κ
2 ρ (3)
λitt + Λt λ
i
t = κ
2 ri (4)
ρt +
∑
i
(ρ+ pi) λ
i
t = 0 (5)
where the t−subscripts denote derivatives with respect to t and
Gij = 1− δij , G
ij =
1
d− 1
− δij
Λ =
∑
i
λi , ri =
∑
j
Gij (ρ− pj) . (6)
Note that
∑
j G
ijGjk = δ
i
k and r
i = pi +
ρ−
∑
j
pj
d−1
. Also define Yi by
Yi =
∑
j
Gij λ
j
t = Λt − λ
i
t (7)
so that, using equation (3), equation (4) for λitt may be written as
λitt +
∑
j
(λit − λ
j
t ) Yj
d− 1
= κ2
(
ri −
2ρ
d− 1
)
. (8)
Equations (3) and (8) will resemble closely the equations (10) and (11) in
the LQC – inspired model, to be given below.
We now consider the evolution of a (d + 1) dimensional homogeneous
anisotropic universe in the LQC – inspired models. These models were con-
structed in our earlier works by a natural, straightforward, and empirical
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generalisation of the effective equations which describe the quantum evolu-
tion of an anisotropic universe in LQC. The model we consider here is speci-
fied by an arbitrary function f(x) with the only requirement that f(x)→ x
in the limit x→ 0 . The general relativity equations follow for f(x) = x and
the LQC effective equations follow for f(x) = sin x and d = 3 .
In the (3+1) dimensional Loop Quantum Gravity (LQG) formalism, the
canonical pairs of phase space variables consist of an SU(2) connection Aia
and a triad Eai of density weight one where i, a = 1, 2, 3 . For LQC, in the
notation used here, the triad variable Eai ∝ e
Λ−λi and the connection variable
Aia ∝ cˆ
i which will turn out to be related to
(
eλ
i
)
t
. Also, let mi = µ¯icˆi where
µ¯i ∝ e−λ
i
in what is referred to as the µ¯−scheme. The exact expressions for
Aia, E
a
i , and µ¯
i and their derivations are somewhat involved and are not
needed here. See the review [44] for a detailed description.
Starting with the LQC variables in (3+1) dimensions, generalising them
empirically to (d+1) dimensions, and after a long algebra, the equations for
the LQC – inspired models may be written concisely in terms of the variables
mi, i = 1, 2, · · · , d . In these models, the conservation equation (5) for ρt
remains the same but equations (3) and (8), which is equivalent to (4), are
modified. In terms of the functions f i, gi, and Xi defined by
f i = f(mi) , gi =
d f i
dmi
, Xi = gi
∑
j
Gijf
j , (9)
these modified equations in our LQC – inspired models are given by
∑
ij
Gijf
if j = 2 γ2λ2qmκ
2 ρ =
ρ
ρqm
(10)
(mi)t +
∑
j
(mi −mj) Xj
(d− 1) γλqm
= γλqmκ
2
(
ri −
2ρ
d− 1
)
(11)
Xi
γλqm
= Yi =
∑
j
Gij λ
j
t
←→ λit =
∑
j G
ijXj
γλqm
(12)
where ρqm =
1
2 γ2λ2qmκ
2 , the constant γ is analogous to the Barbero – Immirzi
parameter in LQC, and λqm is a length parameter which characterises the
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quantum of the (d − 1) dimensional area : λd−1qm ∼ γκ
2 . Note that, upon
using (12) for λit and equations (6) for r
i , the conservation equation (5) may
be written in terms of Xi as
(γλqm) ρt + 2ρ
∑
iXi
d− 1
=
∑
i
ri Xi . (13)
Equation (13) also follows upon calculating ρt from equation (10) and then
using equation (9) for Xi and (11) for (m
i)t . Equivalently, equation (10)
may be derived as an integral of equations (11) and (13). Also note that for
any linear function f(x) = cx+ c0 where c and c0 are constants, one has
f i = cmi + c0 , gi = c , (γλqm) λ
i
t = cf
i . (14)
Equations (10) and (11) then give the general relativity equations (3) and
(8) with κ2 now replaced by c2κ2 .
We note here that Helling has pointed out in [50] that functions of the
form f(x) =
∑
n an sin (bnx) should be admissible within the LQC formalism
itself. He further shows by giving an example that some of these functions
with infinite sums can lead to a more singular evolution than in general rel-
ativity. Also, Bodendorfer et al have constructed a higher dimensional LQG
by generalising Ashtekar variables [51, 52, 53]. Upon quantising its homoge-
neous sector, one can obtain (d + 1) dimensional LQC where f(x) = sin x
[54, 55]. It is likely that functions of the form f(x) =
∑
n an sin (bnx) should
be admissible here also. Admitting such functions in (d + 1) dimensional
LQC may provide a firm foundation for the LQC – inspired models.
3. M theory universe
One may now study the (10 + 1) dimensional M theory universe in the
LQC – inspired models by incorporating in equations (10) – (12) the density
ρ and the pressures pi for its constituents.
We consider the M theory universe studied in [18] – [23] which is dom-
inated by constituents that are most entropic. Such constituents are given
by four stacks of M theory brane–antibranes which intersect according to the
Bogomol’nyi – Prasad – Sommerfield (BPS) rules 1 and wrap the seven di-
rections, labelled 1, 2, · · · , 7 : namely, two stacks each of M2 and M5 brane–
1According to the BPS rules, two stacks of 5 branes intersect along three common
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antibranes wrap respectively the directions 12, 34, 13567, and 24567 .
Such N stacks ofM2 andM5 brane–antibranes intersecting according to the
BPS rules may be described by a total energy momentum tensor TAB which
is made up of N mutually noninteracting and seperately conserved compo-
nents. These energy momentum tensors may be taken to be diagonal. Thus,
with I = 1, 2, · · · , N , they may be written as
TAB =
∑
I
TAB(I) ,
∑
A
∇ATAB(I) = 0 (15)
where TAB = diag (ρ, pi) and TAB(I) = diag (ρI , piI) . The total density ρ,
the total pressure pi in the i
th direction, and the total ri are then given by
ρ =
∑
I
ρI , pi =
∑
I
piI , r
i =
∑
I
riI (16)
where
riI =
∑
j
Gij (ρI − pjI) = piI +
ρI −
∑
j pjI
d− 1
. (17)
Furthermore, for the line element ds given in equation (1), the conservation
equation (15) for TAB(I) leads to
(ρI)t +
∑
i
(ρI + piI) λ
i
t = 0 . (18)
In the LQC – inspired models, using equations (12) for λit and (17) for r
i
I ,
the conservation equation (18) may be written in terms of Xi as
(γλqm) (ρI)t + 2ρI
∑
iXi
d− 1
=
∑
i
riI Xi . (19)
To proceed further, one needs equations of state which determine the
pressures piI in terms of ρI . For N stacks of M2 and M5 brane–antibranes
intersecting according to the BPS rules, the U–duality symmetries of M the-
ory may be shown [21, 22, 23] to require that the density ρ(I) of the I
th stack
spatial directions; two stacks of 2 branes intersect along zero common spatial directions;
a stack of 2 branes intersect a stack of 5 branes along one common spatial direction; and
each stack of branes is smeared uniformly along the other brane directions. There can be
a wave along common intersection direction. See [5, 6, 7] for more details and for other
such M theory configurations.
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and its pressures p‖(I) and p⊥(I) along the parallel and transverse directions
must be related as follows :
p‖(I) = −ρ(I) + 2 p⊥(I) ←→ (ρ− p‖)(I) = 2 (ρ− p⊥)(I) . (20)
Specifying p⊥(I) as a function of ρ(I) will determine the equations of state
for p‖(I) and thereby for all the pressures pi(I) . The U–duality symmetries
further require this function to be the same for all I . Hence, specifying a
single function p⊥(ρ) determines all piI in terms of ρI where i = 1, 2, · · · , 10
and I = 1, 2, · · · , N . 2
Consider now the most entropic constituents mentioned earlier which are
given by two stacks each of M2 and M5 brane–antibranes. N = 4 for this
configuration and, for simplicity, we refer to it as (2, 2′, 5, 5′) branes.
Using equation (20), we now write the pressures in the ith directions for the
(2, 2′, 5, 5′) branes in an obvious notation as follows:
{(ρ− pi)(2)} : (2, 2, 1, 1, 1, 1, 1, 1, 1, 1) (ρ− p⊥)(2)
{(ρ− pi)(2′)} : (1, 1, 2, 2, 1, 1, 1, 1, 1, 1) (ρ− p⊥)(2′)
{(ρ− pi)(5)} : (2, 1, 2, 1, 2, 2, 2, 1, 1, 1) (ρ− p⊥)(5)
{(ρ− pi)(5′)} : (1, 2, 1, 2, 2, 2, 2, 1, 1, 1) (ρ− p⊥)(5′) . (21)
The corresponding ri(∗) =
∑
j G
ij (ρ− pj)(∗) where ∗ = 2, 2
′, 5, 5′ are given,
after a little algebra, by
{ri(2)} : (−2, −2, 1, 1, 1, 1, 1, 1, 1, 1)
(ρ−p⊥)(2)
3
{ri(2′)} : (1, 1, −2, −2, 1, 1, 1, 1, 1, 1)
(ρ−p⊥)(2′)
3
{ri(5)} : (−1, 2, −1, 2, −1, −1, −1, 2, 2, 2)
(ρ−p⊥)(5)
3
2In a certain approximation, Chowdhury and Mathur have derived from first principles
the energy momentum tensors for the intersecting branes [18, 19]. The pressures, thus
derived, satisfy the U–duality relation (20) and follow from the present expressions as a
special case when p⊥ = 0 .
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{ri(5′)} : (2, −1, 2, −1, −1, −1, −1, 2, 2, 2)
(ρ−p⊥)(5′)
3
. (22)
Thus, given an equation of state function p⊥(ρ) , equations (10) – (12),
(16) – (19), and (22) will describe the cosmological evolution of a (10 + 1)
dimensional M theory universe in our LQC – inspired models.
Note that if the densities ρ(∗) are the same for all ∗ = 2, 2
′, 5, 5′ then so
will be the pressures p⊥(∗) and, hence, (ρ − p⊥)(∗) . Consequently, it follows
from the above expressions for ri(∗) that the total r
i = ri(2)+r
i
(2′)+r
i
(5)+r
i
(5′) = 0
for i = 1, 2, · · · , 7 . The ten dimensional space will then become effectively
three dimensional in the limit eΛ → ∞ : the seven directions, labelled
1, 2, · · · , 7 , will neither expand nor contract and will reach constant sizes;
and, the remaining three directions will continue to expand. In this paper,
we assume that the densities ρ(∗) are the same for all ∗ and that the equation
of state is linear. 3 Thus, we write
ρ(∗) =
ρ
4
, p⊥(∗) = (1− u) ρ(∗) (23)
for ∗ = 2, 2′, 5, 5′ where ρ is the total density and u < 2 is a constant.
It then follows from equations (21) and (22) that the total pi =
∑
I piI and
ri =
∑
I r
i
I are given by
{ρ− pi} : (6, 6, 6, 6, 6, 6, 6, 4, 4, 4)
u ρ
4
(24)
{ri} : (0, 0, 0, 0, 0, 0, 0, 6, 6, 6)
u ρ
12
. (25)
4. General evolution and a bi–anisotropic universe
Consider now the general evolution resulting from equations (10) – (12)
and (16) – (19). Equation (10) may be derived as an integral of the remaining
3Even if the densities ρ(∗) are unequal initially, the dynamics of the general relativity
equations (4) resulting from the ri(∗) given in equations (22) is such that these densities
become equal in the limit eΛ →∞ [21, 22, 23]. Such an M theory universe may therefore
provide a detailed realisation of the maximum entropic principle that we had proposed in
[17] to determine the number (3 + 1) of large spacetime dimensions.
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equations. Hence, if it is satisfied at an initial time t0 then it is satisfied for
all t .
The equations of state, which may be derived from the underlying physics
or may be assumed, will give the pressures piI and the quantities r
i
I in terms
of ρI . Then equations (11), (12), and (19) give the first time derivatives
mit , λ
i
t , and (ρI)t as polynomials in terms of (ρI , m
i, f i) and gi =
d f i
dmi
where f i = f(mi) . Differentiating these expressions repeatedly will then
give all the higher time derivatives of (mi, λi, ρI) as polynomials in terms of
(ρI , m
i, f i) and the higher derivatives of f i with respect to mi . Therefore,
it follows that if the function f(x) and all its derivatives are finite then all
the time derivatives of λi will also remain finite and thus the evolution will
be non singular. See [46] for a variety of such evolutions. Also, note that the
function f(x) = x is not finite although all its derivatives are, and it leads
to the big bang singularities of general relativity.
Consider obtaining solutions numerically for (mi, λi, ρI) . Let the equa-
tions of state be given and let the initial values of (mi, λi, ρI) at t0 satisfying
equation (10) be also given. Then, in principle, mi(t), λi(t), and ρI(t) fol-
low from equations (11), (12), and (19) : The values of mi(t0) determine the
values of (f i, gi, Xi) at t0 ; equation (12) then determines λ
i
t at t0 ; and
equations (11) and (19), together with the equations of state, then determine
mit and (ρI)t at t0 . These will then determine the values of (m
i, λi, ρI) at
t0± δt . Repeating this procedure will give (m
i, λi, ρI) for all t . Thus, it is
always possible to obtain solutions numerically.
However, solving equations (10) – (12) and (16) – (19) analytically and
obtainingmi(t), λi(t), and ρI(t) explicitly is not always possible. We are able
to obtain explicit solutions only in a few simple cases when N = 1 and when
the equation of state is linear : in the anisotropic case with f(x) = cx + c0
which gives general relativity, see Appendix A; and, in the isotropic case
with f(x) = cx+ c0 or f(x) = sin x , see [45, 46] and Appendix B.
Hence, in order to obtain explicit solutions which may provide insights
into non singular evolution of an M theory universe, we now simplify our
set up : Instead of considering a general anisotropic universe, we consider
a bi–anisotropic universe where the space is d = (n˜ + n) dimensional, and
where the quantities, such as mi, f i, λi, pi, r
i, corresponding to the n˜ and
the n dimensional spaces are seperately isotropic. Thus, we write(
mi, f i, gi, Xi, λ
i, pi, r
i
)
11
=
(
m˜, f˜ , g˜, X˜, λ˜, p˜, r˜
)
for i = 1, 2, · · · , n˜
= (m, f, g, X, λ, p, r) for i = n˜+ 1, · · · , n˜ + n . (26)
Then the line element ds in equation (1) is given by
ds2 = − dt2 + e2λ˜
n˜∑
i=1
(dxi)2 + e2λ
n˜+n∑
i=n˜+1
(dxi)2 , (27)
we have Λ = n˜λ˜+ nλ , and equations (10) – (12) become
(
nf + n˜f˜
)2
−
(
nf 2 + n˜f˜ 2
)
= 2 γ2λ2qmκ
2 ρ =
ρ
ρqm
(28)
m˜t +
(m˜−m) nX
(d− 1) γλqm
= γλqmκ
2
(
r˜ −
2ρ
d− 1
)
mt +
(m− m˜) n˜X˜
(d− 1) γλqm
= γλqmκ
2
(
r −
2ρ
d− 1
)
(29)
X˜
γλqm
= Λt − λ˜t ,
X
γλqm
= Λt − λt
←→ λ˜t =
nX − (n− 1)X˜
(d− 1) (γλqm)
, λt =
n˜X˜ − (n˜− 1)X
(d− 1) (γλqm)
(30)
where
X˜ = g˜
(
nf + (n˜− 1)f˜
)
, X = g
(
(n− 1)f + n˜f˜
)
r˜ =
ρ− np+ (n− 1)p˜
d− 1
, r =
ρ− n˜p˜+ (n˜− 1)p
d− 1
. (31)
Let the equations of state be linear and be given by p˜ = (1 − u˜) ρ and
p = (1− u) ρ . Then, writing r˜ = v˜ρ and r = vρ , one has
v˜ =
nu− (n− 1)u˜
d− 1
, v =
n˜u˜− (n˜− 1)u
d− 1
. (32)
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For the (n˜+n) dimensional space to become effectively n dimensional in the
limit eΛ →∞ , it is necessary that v˜ = 0 which then gives
u˜ =
n u
n− 1
, v =
u
n− 1
. (33)
Also, for the linear equations of state, the conservation equation (5) gives
ρ = ρ0 e
(u˜−2) n˜(λ˜−λ˜0) + (u−2) n(λ−λ0) . (34)
For an M theory universe, d = n˜ + n = 10 . The above equations for
the bi–anisotropic universe are consistent with and become applicable to M
theory universe dominated by (2, 2′, 5, 5′) branes if n˜ = 7 , n = 3 , and the
densities ρ(∗) are the same for all ∗ = 2, 2
′, 5, 5′ . Therefore, we take ρ(∗)
and the equation of state to be given by equations (23). Hence p = (1−u)ρ .
Then, with p˜ = (1 − u˜)ρ , r˜ = v˜ρ , and r = vρ , one has u˜ = 3u
2
, v˜ = 0 ,
and v = u
2
, see equations (24), (25), and (33).
A convenient choice for f(x)
In the LQC – inspired models, it follows from equations (10) – (12) and
(16) – (19) that the cosmological evolution will be non singular if the function
f(x) and all its derivatives are finite. We do not know the fundamental
origin, if any, of such a class of functions. Nevertheless, by modelling the
non singular evolution of an universe in several ways by several choices of
f(x) , one may gain new insights into the Planckian regime of the evolution.
One question that may be asked in the present set up is the following. In
an M theory universe where the constituent pressures are given by equation
(21), the seven spatial directions wrapped by branes reach constant sizes
and the remaining three continue to expand in the limit eΛ → ∞ . As
we found in [22, 23] using general relativity equations, these constant sizes
are generically of O(l11) where l11 is the eleven dimensional Planck length.
They may be made arbitrarily large, for example O(1015 l11) which may be of
phenomenological interest [48, 49], but it requires a similary large fine tuning
to about 15 decimal places near the Planckian regime. One may now ask in
an LQC – inspired model for an M theory universe whether it is possible to
obtain a large internal space with no fine tuning.
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Such a question may be addressed in the LQC – inspired models because
now the evolution can be made non singular by choosing the function f(x)
appropriately. Naturally, one may also hope to achieve a large internal space
but with no fine tuning by choosing a suitable class of such functions. With
this question in mind, we consider functions which may cause the universe
to be in the Planckian regime for a long time and study whether a long stay
in the Planckian regime will result in a large internal space.
Accordingly, we consider a class of functions which are odd under x →
−x , have a period 4m∗ , are labelled by an integer ν ≥ 1 , and are given in
the interval 0 ≤ x ≤ 2m∗ by
f(x; ν) = A
(
1−
(
1−
x
m∗
)2ν)
(35)
where m∗ = 2νA so that f(x; ν) → x in the limit x → 0 . One may set
A = 1 with no loss of generality but it is convenient not to do so. Note that
f(x; ν) = 0 at x = 0 and 2m∗ , that f(x; ν) = fmax = A at x = m∗ , and that
the integer ν controls the flatness of f(x; ν) near its maximum. Also note that
when one or more f is are of O(1) and near fmax , equations (10) and (12)
imply that, generically, the values of ρ and λit are Planckian. Thus, larger
values of ν will make the function flatter near the maximum and, hence, may
cause the universe to be in the Planckian regime for a longer time.
Now, in order to obtain explicit solutions, we make a piece-wise linear
approximation to this function as follows. Let f(−x) = −f(x) , let f(x +
4m∗) = f(x) , and let f(x) be given in the interval 0 ≤ x ≤ 2m∗ by
f(x) = x for 0 ≤ x ≤ A
= A for A ≤ x ≤ A+ 2∆
= (2m∗ − x) for A+ 2∆ ≤ x ≤ 2m∗ (36)
where m∗ = A+∆ . The parameter ∆ controls the width of the flat part of
f(x) and, in that sense, is a proxy for ν . Note that the functions given in
equations (35) and (36) have discontinuities in their derivatives which are but
artefacts of our modelling. We will ignore such discontinuities because they
may all be smoothened out as much as required. Then, since the function
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remains finite and all its derivatives may be smoothened to finite values, the
resulting evolution will be non singular.
5. Solutions for a bi–anisotropic universe
Consider the solutions to equations (10) – (12) when f(x) is the simplified,
piece-wise linear function given in equation (36). Isotropic solutions are
straightforward to obtain and they are given in Appendix B. Consider the
solutions for a bi-anisotropic universe where d = n˜ + n and the quantities
corresponding to the n˜ and the n dimensional spaces are seperately isotropic
as given in equation (26).
Equations (28) – (30) describe the evolution of such an universe. Let
the equations of state be given by p˜ = (1 − u˜)ρ and p = (1 − u)ρ . Then
r˜ = v˜ρ and r = vρ where v˜ and v are given by equations (32), and equation
(34) gives ρ in terms of λ˜ and λ . If m˜ lies in the interval (0, A) and m
in (A + 2∆, 2m∗) or vice versa, then we cannot solve equations (28) and
(29) analytically. Hence we assume that ∆ ≫ A so that, generically, this
possibility will not arise.
When m˜ and m both lie in the interval (0, A), the evolution will be as
in general relativity for which the solutions are given in Appendix A. Let
t0 be an initial time and let the initial values m˜0 and m0 both lie in the
interval (0, A) . Then the initial values λ˜t0 and λt0 are both positive, see
equations (14). Hence, going forward in time, m˜ ∝ λ˜t and m ∝ λt will
decrease monotonically for t > t0 and will vanish in the limit t→∞ .
Going back in time, m˜ and m will increase monotonically for t < t0 .
They will enter the interval (A, A+ 2∆) one after the other, evolve further,
and exit from it into the interval (A+2∆, 2m∗) . Let these entries and exits
occur at times (t1˜, t1, t2˜, t2) . Taking t0 > t1˜ > t1 > t2˜ > t2 for the sake of
definiteness, we denote the monotonically increasing values of m˜ and m at
these times by
(m˜0, m˜1˜, m˜1, m˜2˜, m˜2) , (m0, m1˜, m1, m2˜, m2) (37)
where
0 < m˜0 < A , 0 < m0 < A
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m˜1˜ = A , m1˜ < A
A < m˜1 < A+ 2∆ , m1 = A
m˜2˜ = A+ 2∆ , A < m2˜ < A + 2∆
m˜2 > A+ 2∆ , m2 = A+ 2∆ . (38)
Also, let the values of λ˜ and λ at the times (t0, t1˜, t1, t2˜, t2) be denoted by
(λ˜0, λ˜1˜, λ˜1, λ˜2˜, λ˜2) , (λ0, λ1˜, λ1, λ2˜, λ2) . (39)
In expressions (38), the equalities define the times (t1˜, t1, t2˜, t2) and the
inequalities mean that, as one goes back in time from t0 , the field m˜ first
enters the interval (A, A + 2∆) at t˜1 , then m enters it at t1 , then m˜ first
exits from it into the interval (A + 2∆, 2m∗) at t˜2 , and then m does the
same at t2 . We now analyse the solutions as t varies from ∞ to t0 to t1˜ to
t1 to t2˜ to t2 to −∞ .
t > t
1˜
The fields m˜ and m both lie in the interval (0, A) for t > t1˜ and,
hence, f(x) = x . Therefore, their evolution during these times will be as
in general relativity. The initial values of the fields given at t0 > t1˜ and the
general relativity solutions given in Appendix A will determine all the fields
for t > t1˜ . In particular, the values λ˜1˜ and λ1˜ in expressions (39) will follow
from these solutions.
t
1˜
> t > t1
During t1˜ > t > t1 , the field m˜ lies in the interval (A, A+2∆) and varies
from m˜1˜ = A to m˜1 > A wheres m lies in the interval (0, A) and varies from
m1˜ < A to m1 = A . Therefore, during this evolution, f˜ = A, g˜ = X˜ = 0,
f = m, g = 1, and X = (n− 1)f + n˜A . Define y, z, and a by
y = (n− 1) f + n˜ A , z = (m˜−m) , a =
√
n˜ (d− 1)
n
A . (40)
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Then, after a straightforward algebra, it follows from equations (28) and (29)
that
ρ
ρqm
=
n
n− 1
(
y2 − a2
)
(41)
yt = − cy (y
2 − a2) (42)
zt + b y z = − cz (y
2 − a2) (43)
where
cy =
n
(
2
d−1
− v
)
2 γλqm
, cz =
n (v − v˜)
2 (n− 1) γλqm
, b =
n
(d− 1) γλqm
.
Since X˜ = 0, it follows that Λt − λ˜t = 0 and hence, from equations (32),
(34), and (41), that
(λ− λ1˜) = −
(
n˜− 1
n
)
(λ˜− λ˜1˜)
e(2 − (d−1) v) (λ˜1˜−λ˜) =
ρ
ρ1˜
=
y2 − a2
y2
1˜
− a2
. (44)
Defining t∞ by y(t∞) = ∞ , the solution y(t) for the equation (42) may be
written as(
y − a
y + a
)
e2acy t =
(
y1˜ − a
y1˜ + a
)
e2acy t1˜ =
(
y1 − a
y1 + a
)
e2acy t1 = e2acy t∞
(45)
where y ≥ a > 0, y1 = (d − 1)A, and the last two equalities give t1 and t∞
in terms of A and the initial values t1˜ and y1˜ . Thus, if cy is positive then
yt < 0 , t∞ < t1˜ , and y increases monotonically from a to y1˜ to ∞ as t
decreases from ∞ to t1˜ to t1 to t∞ . Defining s =
b
2cy
and solving for z in
terms of y, it is easy to see that the solution for z(y) is given by
z = (y2 − a2)s
(
z1˜
(y2
1˜
− a2)s
+
cz
cy
∫ y
y1˜
dy
(y2 − a2)s
)
. (46)
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t1 > t > t2˜
The fields m˜ and m both lie in the interval (A, A+2∆) when t decreases
from t1 to t2˜ . It then follows that
f˜ = f = A , g˜ = g = X˜ = X = 0 .
Equations (30) then give
λ˜t = λt = 0 =⇒ λ˜2˜ = λ˜1 , λ2˜ = λ1 . (47)
Equations (28) and (29) give
ρ
ρqm
= d (d− 1) A2 (48)
m˜− m˜1 = cm˜ (t1 − t)
m−m1 = cm (t1 − t) (49)
where cm˜ =
d(d−1)A2
2γλqm
(
2
d−1
− v˜
)
, cm =
d(d−1)A2
2γλqm
(
2
d−1
− v
)
, m˜1 > A , and
m1 = A . We will assume that v˜ and v are both <
2
d−1
, hence cm˜ and cm
are both positive. There is no loss of generality here since this is Planckian
regime and the constituents with lowest u˜ and u will dominate. Also, for an
M theory universe, v˜ = 0 which is clearly < 2
d−1
. Evolving as in equation
(49), m˜ and m will reach the value (A+ 2∆) respectively at t2˜ and t2 given
by
t1 − t2˜ =
A+ 2∆− m˜1
cm˜
, t1 − t2 =
2∆
cm
. (50)
If v˜ = v then cm˜ = cm and, since m˜1 > A, it follows that t2˜ > t2 . If ∆ is
large so that 2∆≫ m˜1 − A then A+ 2∆− m˜1 ≃ 2∆ and
t1 − t2˜
t1 − t2
≃
cm
cm˜
=
2− (d− 1) v
2− (d− 1) v˜
. (51)
Hence, it follows that t2˜ > t2 if v > v˜ and that t2 > t2˜ if v˜ > v . Since we
have assumed that t2˜ > t2, we must have v ≥ v˜ .
t
2˜
> t > t2
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During t2˜ > t > t2 , the field m lies in the interval (A, A + 2∆) and
varies from m2˜ < A + 2∆ to m2 = A + 2∆ whereas m˜ lies in the interval
(A + 2∆, 2m∗) and varies from m2˜ = A + 2∆ to m˜2 > A + 2∆ . The
corresponding solutions are similar to the ones when t1˜ > t > t1 . They are
given in Appendix C.
t2 > t
The fields m˜ and m both lie in the interval (A + 2∆, 2m∗) for t < t2
and, hence, f(x) = 2m∗ − x . Therefore, their evolution during these times
will be as in general relativity. The values of the fields at t2 , equation (14),
and the general relativity solutions given in Appendix A will determine all
the fields for t < t2 .
6. Evolution of eλ˜ during the Planckian regime
During the time interval t1˜ > t > t2 , the value of atleast one of the
functions f˜ and f remains maximum = A . Hence, the universe may be
considered to be in the Planckian regime during this interval. Moreover,
during the sub interval t1 > t > t2˜ , one has f˜ = f = A and λ˜t = λt = 0 ,
hence λ˜ = λ˜1 and λ = λ1 . Thus, the density ρ remains maximum and
the scale factors eλ˜ and eλ remain constant during this Planckian subperiod.
With no loss of generality, we take these constant values of the scale factors
to be O(1) , namely take eλ˜1 ≃ eλ1 ≃ O(1) .
Going forward in time from the interval t1 > t > t2˜ , the universe may be
considered to be in the classical regime of general relativity for t > t1˜ when
m˜ and m both lie the interval (0, A) and, hence, f(x) = x . We will focus on
λ˜ which, in an M theory universe considered here, will reach a constant value
in the limit eΛ →∞ in future, causing the ten dimensional space to become
effectively three dimensional in this limit. During the Planckian regime, as
t increases from t1 to t1˜ , the field λ˜ will evolve and, for the conditions
assumed in equation (38), will increase from λ˜1 to λ˜1˜ whose value may be
obtained by setting t = t1 and m(t1) = m1 = A in equation (44). We have
y1 = (d − 1)A and y1˜ = (n− 1)m1˜ + n˜A where m1˜ < A , see equation (38).
Hence, it follows from equations (40) and (41), or from equation (48), that
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ρ(t1) = ρ1 = d(d− 1) A
2 ρqm , and then from equation (44) that
e(2 − (d−1) v) (λ˜1˜−λ˜1) =
ρ1
ρ1˜
=
y21 − a
2
y2
1˜
− a2
. (52)
The value of the scale factor given above is the result of Planckian dynam-
ics in our LQC – inspired model with the function f(x) given as in equation
(36). In the bi-anisotropic case, the volume of the n˜ dimensional internal
space at time t1˜ is given by V1˜ = e
n˜ λ˜1˜ . The evolution for t > t1˜ will be as in
general relativity and the internal volume will grow to a constant value V∞
as eΛ →∞, which will occur as t→∞ . In general relativity evolution, with
no fine tuning, V∞ ≃ V1˜ within a couple of orders of magnitude [23]. Hence,
a larger value of V1˜ will result in a larger value of V∞ .
We will now estimate the value of the scale factor eλ˜1˜ . First consider the
factor (2 − (d − 1)v) . Let v˜ = 0 . It then follows from equation (33) that
v = u
n−1
. Note that, in the Planckian regime, the constituents with lowest u
will dominate. Hence, setting u ≃ 0 is natural. Setting u ≃ 2(n−1)
d−1
can easily
result in a large value for eλ˜1˜ but it may be unphysical in the Planckian
regime, see below.
Now consider the ratio ρ1
ρ1˜
for an M theory universe where n˜ = 7, n = 3,
and d = 10 . Note that f˜ = f1 = m1 = A and that
ρ1 = d (d− 1) A
2 ρqm = 90 A
2 ρqm .
It follows from equation (28) that, for f1˜ = m1˜ ≥ 0 ,
ρ1˜ ≥ n˜ (n˜− 1) A
2 ρqm = 42 A
2 ρqm
whereas, even for f1˜ = m1˜ ≥ −A , one only has
ρ1˜ ≥ (n˜ (n˜− 1) + n(n− 1)− 2nn˜) A
2 ρqm = 6 A
2 ρqm .
Thus, the ratio ρ1
ρ1˜
≤ 15 and, hence, the scale factor eλ˜1˜ increases only by a
factor of O(1) even though the universe stays for a long time in the Planckian
regime.
Although obtained using a simplified, piece-wise linear function, it may
be that the above results are generic and indicate that the scale factors may
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be enhanced by only a factor of O(1) during the Planckian regime in the
LQC – inspired models. However, it is possible that there are other avenues
which may yield larger enhancements. For example : (1) Setting u ≃ 2(n−1)
d−1
in the Planckian regime instead of u ≃ 0 may be physically acceptable for
some reason, of which we are currently unaware. In a sense, this would be
analogous to an inflation. Note that when n = d, one has u ≃ 2 and hence
p = (1 − u)ρ ≃ −ρ . Naively, one would have expected the early universe
to be dominated by radiation for which u = 1− 1
d
or by matter for which u
is even smaller but we now know that u ≃ 2 is physically acceptable under
inflationary conditions. (2) In the M theory universe considered here, we
assumed that the densities ρ(∗) are the same for all ∗ = 2, 2
′, 5, 5′ in order
to obtain explicit solutions. Generically, however, these densities will be
different. It is then possible that the total density may be Planckian, but the
constituent densities may differ sufficiently which may lead to large values
for internal scale factors. Hence a more systematic analysis is needed before
concluding that internal scale factors may be enhanced by only a factor of
O(1) during the Planckian regime in the LQC – inspired models. Such an
analysis, however, is beyond the scope of the present paper.
7. Limitations and uses of LQC – inspired models
The LQC – inspired models generalise empirically the effective equations
in anisotropic LQC, and involve a function f(x) with the only requirement
that f(x)→ x in the limit x→ 0 . Although the choice of f(x) is otherwise
arbitrary, it is still useful to enquire the genericity of the function used in this
paper and also to enquire, in general, whether the LQC – inspired models
may provide insights into LQC or string/M theory. Accordingly, we now
discuss critically the limitations and the possible uses of the LQC – inspired
models.
We first consider the limitations. Clearly, these models are not based
on any fundamental principles except that they lead to general relativity
equations in a suitable limit. Helling pointed out in [50] that functions of
the form f(x) =
∑
n an sin (bnx) should be admissible within the LQC
formalism itself, and argued that a choice of f corresponds to a choice of
higher curvature counter terms in the Einstein – Hilbert action. But it is
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not clear to us whether any choice of (an, bn) is admissible and, if admissible
then, what information about LQC formalism these coefficients contain. In
particular, the functions given in equations (35) and (36) may be expressed
as above but they are likely to be non generic and realising them within the
LQC framework, if possible at all, may require special conditions.
Also, the LQC – inspired models do not generalise all the effective LQC
equations known in different cases but only those in the anisotropic case.
For example, there exist LQC effective equations for Bianchi type II models
[56] and type IX models [57]. An analysis of these equations suggests that
generalising them empirically will require more functions and, presently, we
are not able to incorporate them in the LQC – inspired models. Furthermore,
even in the isotropic and anisotropic cases, there are more general LQC
effective equations obtained within the LQG framework. See, for example,
[58] – [62]. The anisotropic case in these works require a further generalisation
of LQC – inspired models which include more functions, see equation (3.7)
in a recent paper [62] which studies the anisotropic LQC within the LQG
framework.
Thus, clearly, our LQC – inspired models have many limitations. How-
ever, these models are also useful for several purposes. They provide a set
of equations which give general relativity equations in a suitable limit. With
one arbitrary function present, these models may be used to study higher
dimensional cosmologiacl evolutions in Planckian regime which are qualita-
tively different and, thereby, provide glimpses of Planck scale physics. Thus,
in an earlier work, we have studied a variety of possible Planckian evolu-
tions and, in this work, we studied the question of whether large volume of
compactifications are possible with no fine tuning.
In any cosmological evolution which resolves the big bang singularities,
the most interesting questions are the ones about the observational effects
today of the singularity resolutions and those of the past universe. To de-
duce such effects, one needs to know how the past features evolve through
the nonsingular Planckian regime to the present. Hence it is necessary and
important to study in detail the evolution of cosmological perturbations in
non singular universes and to study their imprints and possible observable
consequences. In LQC, these issues have been studied in great detail using a
variety of methods. See, for example, [63] – [66] which uses ‘dressed metric
approach’, [67] – [69] which uses ‘closed algebra approach’, and [70, 71] which
uses ‘seperate universe approach’, and [72] – [77] for some recent works on
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this topic.
Clearly, it will be interesting if the cosmological perturbations and their
evolutions may be studied using LQC – inspired models also. Then the
presence of an arbitrary function in these models may be used to study a
variety of possible observational consequences. However, such a study is
beyond the scope of the present paper but it appears that the dressed metric
approach of [63] – [66] may be the appropriate framework for such studies.
Another use of LQC – inspired models which may possibly provide some
insight into LQC/G is the following. Dimensional reduction from d + 1 to
n+1 dimensional spacetime leads, in general relativity, to new fields in lower
dimensions originating, for example, from the internal metric components.
This can be seen at the level of the equations of motion also in higher or
lower dimensions. The corresponding structure must also be present in higher
dimensional LQC/G and also in LQC – inspired models. However, we are
presently unable to disentangle this structure. If this structure can be found,
based on the principle that effective equations in higher and lower dimensions
must be of a specific form and be transformable into each other, then this
may provide some insight into the structure of higher dimensional LQC/G.
One may also try to construct an action which leads to the equations of
the LQC – inspired models. Such an action will contain higher curvature
terms which will depend on the function f(x) , see [50, 78]. If such an action
can be constructed systematically for a given function then, by comparing it
with effective actions in string/M theory, it may be possible to obtain insights
into the later theory.
8. Conclusion
We now summarise the paper. We studied the evolution of an M theory
universe in the LQC – inspired models. This universe is dominated by four
stacks of intersecting brane–antibranes and, in general relativity, it becomes
effectively four dimensional in future while its seven dimensional internal
space reaches a constant size.
In the LQC – inspired models, we first analysed the conditions required for
non singular evolutions. Then we obtained explicit solutions by considering a
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(n˜+n) dimensional bi–anisotropic universe where the quantities correspond-
ing to the n˜ and the n dimensional spaces are seperately isotropic, and by
considering a simplified, piece–wise linear function for which the evolutions
are non singular.
We applied these solutions to the M theory universe and considered the
question of whether the physics in the non singular Planckian regime can en-
hance the future constant size of its seven dimensional internal space. Using
the explicit solutions, we found no non trivial enhancement of this size. This
may be a generic feature of the LQC – inspired models but it is also possible
that there are other avenues which may yield larger enhancements.
We have also discussed critically the limitations and the uses of our mod-
els. We now conclude by mentioning a few topics for further studies where
we think that some progress may be possible in the near future. The LQC –
inspired models involve a function, the choice of which leads to a variety of
evolutions. It is desireable to understand the origin of this function and to
explore the physical principles which may restrict it as uniquely as possible.
In string/M theory, effective higher derivative actions can be constructed
systematically. It is worthwhile to explore whether the equations of motion
resulting from these higher derivative actions bear any relation to the effective
equations in LQC or to the equations in the LQC – inspired models.
The M theory considered here becomes effectively four dimensional in
future while its seven dimensional internal space reaches a constant size. Its
evolution can be made non singular in the LQC – inspired models. In such
a set up, one can now explore various mechanisms which may lead to large
internal volumes which are of phenomenological interest [48, 49]. It will be
equally interesting if one can prove instead, either in general or within the
LQC – inspired models, that such large internal volumes are not possible.
Acknowledgement: We thank the referee for helpful comments.
Appendix A : Anisotropic solutions in general relativity
Consider the general relativity equations (3) – (5) for the anisotropic case.
When the equations of state are linear, it is straightforward to solve these
equations and obtain analytic solutions [23]. It follows from equations (14)
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that, upon replacing κ2 by c2κ2 , these solutions are applicable to the LQC
– inspired models when f(x) = cx+ c0 .
We now present these solutions. First, define a new variable τ by
dt = eΛ dτ ←→ t− t0 =
∫ τ
τ0
dτ eΛ (53)
where t0 and τ0 are initial times. Then, for any function ψ(t(τ)) , we have
ψτ = e
Λ ψt , ψττ = e
2Λ (ψtt + Λtψt) .
Defining (∗ˆ) = e2Λ (∗) for (∗) = (ρ, pi, r
i) , equations (3) – (5) become∑
ij
Gij λ
i
τ λ
j
τ = 2κ
2 ρˆ (54)
λiττ = κ
2 rˆi (55)
(ρˆ)τ =
∑
i
(ρˆ− pˆi) λ
i
τ . (56)
Let the equations of state be linear and be given by
pi = (1− ui) ρ (57)
where ui are constants. Define l, v
i, and G by
l =
∑
i
ui λ
i , vi =
∑
j
Gij uj , G =
∑
i
vi ui =
∑
ij
Gij ui uj (58)
and let the initial values of various quantities at t = t0 be given by
(λi, λit, ρ ; Λ, l, lt ; τ, λ
i
τ , lτ , ρˆ)t=t0
= (λi0, k
i, ρ0 ; Λ0, l0, lt0 ; τ0, λ
i
τ0, lτ0, ρˆ0) (59)
where
ρ0 > 0 ,
∑
ij
Gij k
i kj = 2κ2 ρ0
Λ0 =
∑
i
λi0 , l0 =
∑
i
ui λ
i
0 , lt0 =
∑
i
ui k
i
λiτ0 = e
Λ0 ki , lτ0 = e
Λ0 lt0 , ρˆ0 = e
2Λ0 ρ0 . (60)
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Then equations (55) and (56) give
λiττ = κ
2 vi ρˆ (61)
lττ = κ
2 G ρˆ (62)
ρˆ = ρˆ0 e
l−l0 (63)
and it follows from equations (61) and (62) that
λi − λi0 =
vi
G
(l − l0) + L
i (τ − τ0) . (64)
Since l =
∑
i uiλ
i , it follows that the integration constants Li must satisfy
the constraint
∑
i uiL
i = 0 . This constraint is identically satisfied if Li =
eΛ0
(
ki − v
i
G
lt0
)
where lt0 =
∑
i uik
i , see equations (60). Thus, the set of
d number of initial values {ki} is equivalent to the set of (1 + d) number
of initial values {lt0, L
i} together with one constraints on Li . Upon using∑
i uiL
i = 0 , equation (54) gives
(lτ )
2 = 2 G
(
E + κ2 ρˆ
)
, 2 E = −
∑
ij
Gij L
i Lj . (65)
Now, in principle, equations (62), (63), and (65) give l(τ) and equations (64)
and (53) give λi(τ) and t(τ) from which τ(t), l(t), and λi(t) follow. Also, it
can be shown that if
∑
i uiL
i = 0 and G =
∑
ij G
ij uiuj > 0 then E ≥ 0 and
E will vanish if and only if all Li vanish [23]. Henceforth, we assume that
G > 0 and E > 0 .
For the case of bi–anisotropic universe considered in this paper, see equa-
tions (26) and (27), it follows straightforwardly that
p˜ = (1− u˜) ρ , p = (1− u) ρ
v˜ =
nu− (n− 1)u˜
n˜+ n− 1
, v =
n˜u˜− (n˜− 1)u
n˜ + n− 1
l = n˜u˜λ˜+ nuλ , G = n˜u˜v˜ + nuv
n˜u˜L˜+ nuL = 0 , 2E =
n(n + n˜− 1)GL2
n˜u˜2
(66)
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where the expression for E follows after some algebra. If v˜ = 0 , which is nec-
essary for the (n˜+n) dimensional space to become effectively n dimensional
in the limit eΛ →∞ , then one has
u˜ =
nu
n− 1
, v =
u
n− 1
l = u˜
(
n˜λ˜+ (n− 1)λ
)
, G =
nu2
n− 1
n˜L˜+ (n− 1)L = 0 , 2E =
(n− 1)(n+ n˜− 1)L2
n˜
. (67)
Consider now the solution l(τ) for equations (62), (63), and (65). As can
be verified easily, it is given by
κ2 ρˆ = κ2 ρˆ0 e
l−l0 =
E
Sinh2 σ(τ∞ − τ)
(68)
where 2σ2 = GE . Note that the sign of σ is immaterial; that
lτ = 2 σ Coth σ(τ∞ − τ) ; (69)
and that setting l = l0 and τ = τ0 in equation (68) gives τ∞ in terms of E
and ρˆ0 . Equations (64) and (53) will now give λ
i(τ) and t(τ) from which
τ(t), l(t), and λi(t) follow. Taking σ > 0 and lτ0 > 0 for the sake of
definiteness, we now mention some features of these solutions.
• Since lτ0 > 0, it follows from equation (69) that τ∞ > τ0 . It follows
from equation (68) that l(τ) varies monotonically between −∞ and
+∞, that l → −∞ as τ → −∞ , and that l →∞ as τ → τ∞ .
• In the limit τ → τ∞ from below, one has l(τ) ∼ −2 ln (τ∞ − τ) →
∞ . Equations (64) and (53) then give, upto unimportant constants,
t ∼ (τ∞ − τ)
− 2B−G
G , B =
∑
j
vj (70)
eλ
i
∼ (τ∞ − τ)
− 2v
i
G ∼ t
2vi
2B−G (71)
eΛ ∼ (τ∞ − τ)
− 2B
G ∼ t
2B
2B−G . (72)
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For the bi–anisotropic universe, it follows from equations (66) that
2B − G = n˜v˜ (2− u˜) + nv (2− u) . (73)
Hence, for v˜ = 0 , one has eλ˜ ∼ const and eλ ∼ t
2
n(2−u) which is the
standard n dimensional result.
• In the limit τ → −∞ , one has l(τ) ∼ 2 στ → −∞ . Equations
(64) then imply that λi(τ) are all linear in τ . Let τ → −∞ and eΛ → 0
in this limit and, upto unimportant constants, let
λi ∼ qi τ , Λ ∼ q τ , q =
∑
i
qi > 0 .
Then, after some algebra, it follows from equation (53) that
eΛ ∼ eq τ ∼ q t → 0 , eλ
i
∼ eq
i τ ∼ (q t)
qi
q (74)
which are the Kasner–type solutions.
Appendix B : Isotropic solutions in LQC – inspired models
Consider the fully isotropic case where
(mi, f i, gi, Xi, λ
i, pi, r
i) = (m, f, g, X, λ, p, r)
for i = 1, 2, · · · , d . Then
g =
d f
dm
, X = (d− 1) gf , r =
ρ− p
d− 1
and equations (10) – (12) give
f 2 =
2 γ2λ2qmκ
2 ρ
d (d− 1)
(75)
mt = −
γλqmκ
2
d− 1
(ρ+ p) (76)
λt =
g f
γλqm
=⇒ (λt)
2 =
2κ2 (ρ g2)
d(d− 1)
. (77)
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Let the equation of state be linear and be given by p = (1−u)ρ where u < 2
is a constant. Then equations (5) and (75) – (77) may be solved explicitly if
certain integrations and functional inversions can be performed. Equations
(5) and (75) give
ρ
ρ0
=
f 2
f 20
= e−(2−u) d (λ−λ0) (78)
which leads to λ(m) . Equations (75) and (76) then lead to t(m) given by
cqm (t− t0) = −
∫ m
m0
dm
f 2
(79)
where cqm =
(2−u) d
2 γλqm
. Inverting t(m) then gives m(t) and λ(t) . The integra-
tions and functional inversions required here can be performed explicitly for
f(x) = cx + c0 and also for f(x) = sin x but not for a generic f(x) . The
resulting solutions are given in [45, 46].
Consider now the isotropic solutions for the simplified, piece-wise linear
function f(x) given in equation (36). Equation (78) gives the density ρ(m)
and the scale factor eλ(m) . Let the initial value m0 at time t0 lie in the range
0 < m0 < A . It then follows that as m increases from 0 to m0 to A to
A + 2∆ to 2m∗, the function f increases from 0 to m0 to A, remaining at
A, and then decreasing to 0 . Hence, correspondingly, the scale factor eλ(m)
decreases from ∞ to eλ0 , decreases further, then remains constant, and then
increases again to ∞ .
The time t(m) follows straightforwardly upon performing the integration
in equation (79), and is given by
cqm (t− t0) = −
1
m0
+
1
m
for 0 ≤ m ≤ A
=
2
A
−
1
m0
−
m
A2
for A ≤ m ≤ A+ 2∆
=
2
A
−
1
m0
−
2∆
A2
+
1
m− 2m∗
for A + 2∆ ≤ m ≤ 2m∗ . (80)
Hence, as m increases from 0 to m0 to A to A + 2∆ to 2m∗ , the time t
decreases monotonically from ∞ to t0 to −∞, first as
1
m
, then linearly as
− m
A2
, and then as 1
m−2m∗
.
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Appendix C : Bi–anisotropic solutions
when only m ∈ (A, A+ 2∆)
During tb > t > te , let m(t) lie in the interval (A, A+ 2∆) and let m˜(t)
lie in (0, A) or in (A + 2∆, 2m∗) . Then f = A, g = X = 0, f˜ = cm˜+ c0
where (c, c0) = (1, 0) or (−1, 2m∗), g˜ = c , and X˜ = c
(
(n˜− 1)f˜ + nA
)
.
The times tb and te are defined by the equalities in the following expressions
for the values of m˜ and m at tb and te :
m˜b < A , mb = A
m˜e = A , A < me < A+ 2∆
or m˜b = A+ 2∆ , A < mb < A+ 2∆
m˜e > A+ 2∆ , me = A+ 2∆ . (81)
Several equations are different if n˜ > 1 or n˜ = 1 . Hence we consider these
two cases seperately.
n˜ > 1
Define y, z, and a by
y = (n˜− 1) f˜ + n A , z = (m− m˜) , a =
√
n (d− 1)
n˜
A . (82)
Note that X˜ = cy and that nA < y < (d − 1)A . After some algebra, it
follows from equations (28) and (29) that
ρ
ρqm
=
n˜
n˜− 1
(
y2 − a2
)
(83)
yt = − cy (y
2 − a2) (84)
zt + b y z = − cz (y
2 − a2) (85)
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where
cy =
n˜ c
(
2
d−1
− v˜
)
2 γλqm
, cz =
n˜ (v˜ − v)
2 (n˜− 1) γλqm
, b =
n˜ c
(d− 1) γλqm
.
The solutions y(t) and z(y) are given in equations (45) and (46). Since
X = 0, it follows that Λt − λt = 0 and hence, from equations (32), (34), and
(83), that
(λ˜− λ˜0) = −
(
n− 1
n˜
)
(λ− λ0)
e(2 − (d−1) v˜) (λb−λ) =
ρ
ρb
=
y2 − a2
y2b − a
2
. (86)
n˜ = 1
Now d = n + 1 . Define y and z by
y = 2 f˜ + (n− 1) A , z = (m− m˜) . (87)
Note that X˜ = ncA and that (n−1)A < y < (n+1)A . After some algebra,
it follows from equations (28) – (29) that
ρ
ρqm
= nA y (88)
yt = 2c γλqmκ
2
(
v˜ −
2
d− 1
)
ρ (89)
zt +
nc A z
(d− 1) γλqm
= γλqmκ
2 (v − v˜) ρ . (90)
Equations (88) – (90) lead to the solutions y(t) and z(y) given by
y = yb e
− nc A
γλqm
( 2d−1−v˜) (t−tb) (91)
and
z = ys
(
zb
ysb
+ σ
∫ y
yb
dy
ys
)
. (92)
where s = 1
2−(d−1) v˜
and σ = (d−1) (v˜−v)
2c (2−(d−1) v˜)
. Thus, if v˜ < 2
d−1
then yt < 0 and
y increases monotonically from yb to∞ as t decreases from tb to −∞ . Also,
equations (86) give λ˜ and λ in terms of y .
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